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Abstract
This is a note on the paper [4, B.M. Brown, M.S.P. Eastham, Extensions of the Kummer evaluation of a ﬁnite
hypergeometric series, J. Comput. Appl. Math., to appear, doi:10.1016/j.cam.2005.06.018].
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This note is an addendum to [4] in which we considered the series
(m, n) =
n∑
r=−n
(−1)ru(m,−r)u(m, r), (1)
where m and n are non-negative integers with nm and
u(m, r) = (c1 · · · cm+r )/{(m + r)!(v1 · · · vm+r )}. (2)
Here
vr = v − r , (3)
v being a real variable with v > 2m, and we considered the three cases
(i) cr = 1,
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(ii) cr =  + r − 1,
(iii) cr = ( + r − 1)( + r − 1) ( +  = 1).
The purpose in [4] was to express (−1)n(m, n) as a series of positive terms, and we refer to [2,3] for the
motivation for this work in the context of antibound states in the spectral theory of the one-dimensional
Schrödinger equation with an exponentially decreasing potential.
In this addendum we are concerned with (m,m). In case (i) above, it was pointed out in [4, (2.4)] that
(m,m) = (−1)m/{m!(v1 · · · v2m)(v1 · · · vm)}
and that this equation is a special case of the Kummer formula
2F1(a, b; c;−1) = 2 cos
(
1
2
a
)
(−a)
(−12a)
(c)
(c − 12a)
(4)
with the well-poised condition b + c = a + 1 [1, p. 126], the special case being
a = −2m, b = v − 2m, c = 1 − v.
Our purpose in this note is to observe that case (ii) is similarly related to the Dixon formula for 3F2 [1,
Theorem 3.4.1], and that this leads to a conjecture concerning case (iii) and 4F3.
When n = m and cr is as in (ii), it follows from [4, Section 4.1] that
(m,m) = (−1)m(c1 · · · cm){(v1 · · · v2m)(v1 · · · vm)}−1
×
m+1∑
s=1
(c1 · · · cs−1)(vs · · · vm)/{(s − 1)!(m − s + 1)!}.
After a little manipulation, this equation can be written in terms of hypergeometric functions as
3F2(−2m, v − 2m, ; 1 − v, 1 −  − 2m; 1) =
(2m)!
m! {m()}
−1
2F1(−m, ; 1 − v; 1), (5)
where
m() = ( + m)( + m + 1)(· · ·)( + 2m − 1).
To see that (5) is a special case of Dixon’s 3F2 formula [1, Theorem 3.4.1] we adjust this formula in [1]
slightly and write it as
3F2(a, b, c; d, e; 1) = 2 cos
(
1
2
a
)
(−a)
(−12a)
(
(e)
(e − 12a)
)
2F1
(
1
2
a, c; d; 1
)
, (6)
where we have used Gauss’ 2F1 formula [1, Theorem 2.2.2]. The well-poised condition required in [1,
Theorem 3.4.1] is
b + d = c + e = a + 1
and this is satisﬁed by the parameters on the left-hand side in (5). Thus (5) is a special case of Dixon’s
formula (6). There are now two points to be made. The ﬁrst is that the formula for (m, n) (nm) given in
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[4, Section 4.1] is therefore seen to be a new extension of the Dixon formula (5) for ﬁnite hypergeometric
series.
The second point is that a clear conjecture arises concerning case (iii). When n=m and cr is as in (iii),
the formula for (m,m) in [4, (3.8)] can be written analogously to (5) in the form
4F3(−2m, v − 2m, , ; 1 − v, 1 −  − 2m, 1 −  − 2m;−1)
=
(
(2m)!
m!
)2
{m()m()}−13F2(−m, , ; 1 − v,m + 1; 1). (7)
This formula is new here and in [4]. It remains unknown, however, whether (7) is a special case of a
general formula such as (4) and (6). We therefore conjecture (and leave it as an open question) that there
is a formula relating 4F3(a, b, , ; d, e1, e2;−1) to a suitable 3F2 subject to the well-poised condition
b + d =  + e1 =  + e2 = a + 1
as well as + = 1, with such a formula reducing to (7) when the parameters are as on the left-hand side
of (7).
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